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Abstract 

The phenomenon of torsion oscillations in traction drives of modern high-power locomotives has been studied at the CTU in Prague. 

The ongoing research goes two ways with respect to the excitation of danger torsion oscillations – to study the influence of the 

adhesion phenomenon on these oscillations and to study the influence of harmonic components of the electromagnetic torque of an 

asynchronous traction motor. This contribution deals with the second approach. The harmonic components of the electromagnetic 

torque are presented as a ripple of the torque and has its origin in the ripple of asynchronous motor current. Within the article the 

focus will be put on both the study of sensitivity of the pinon resonance on the torsion stiffness of the rotor shaft as well as the 

approach how such study was realized. The conclusion of this contribution is on the summary of results of this study and defining of 

subsequent goals of this research. 
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1. Introduction 

A locomotive as any railway vehicle is a complex whole. 

Within the research and the subsequent creation of math-

ematical simulation models it was necessary to split it into 

fundamental parts – Electrical part, Mechanical part and 

Wheel-rail contact, see Fig. 1. 

 
Fig. 1- Fundamental structure of traction equipment [1] 

Based on this basic idea two mathematical models were 

built. The basic calculation model was created in 

MATLAB and the complex simulation model was created 

in MATLAB Simulink. While the basic calculation model 

is intended to provide basic characteristics of the mechan-

ical torsion system as natural frequencies and natural 

modes of oscillations, the complex simulation model is 

intended to simulate the acceleration and the drive of the 

train and provide simulation data for subsequent analysis 

of excited oscillation states, e.g. magnitude analysis, fre-

quency analysis of torques. The basic model works just 

with the free torsion system without implementing of the 

wheel-rail contact. On the other hand, the complex model 

includes this calculation submodel as well as the sub-

model, which deals with the dynamics of the train drive. 

2. Description of mathematical models 

2.1. Basic mathematical model 

The basic mathematical model represents only the me-

chanical part of the locomotive drive. A typical example 

of such a fully-suspended drive can be seen on Fig. 2. 

 
Fig. 2 Fully-suspended wheel-set drive - cross section [2] 

In principle the fully-suspended drive was reduced on a 

torsion system (Fig. 3) for purposes of the basic calcula-

tion model creation. 

 
Fig. 3 Fully-suspended wheel-set drive - torsion system scheme 
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For this scheme the Lagrange method to build equations 

of motion was applied. These equations of motion de-

scribe the system of the fully-suspended drive when the 

influence of the slipping forces acting in the wheel-rail 

contact is neglected. The matrix representation of them is 

(1). Above mentioned basic characteristics of the torsion 

system – natural frequencies and natural modes are re-

ceived from a solution of equation system without the ex-

citation [M] – system according to (2). 

[𝐽][𝜑̈] + [𝑘][𝜑] = [𝑀]    (1) 

[𝐽][𝜑̈] + [𝑘][𝜑] = [0]    (2) 

To solve the system (2) the MATLAB function [eigenvec-

tor, eigenvalue] = eig.(k,J) was applied. This function 

provides the vector of amplitudes of torsion oscillations 

when oscillation by j natural angle frequency j = sqrt(λj) 

for its natural modes and the function provides eigenval-

ues λ as well. The eigenvalues must be recalculated on the 

natural frequencies f according to the formula (3). 

  𝑓 =
√𝜆

2𝜋
      (3) 

2.2. Complex mathematical model 

This mathematical model was built in MATLAB Sim-

ulink and consists of four main submodels. Because of its 

extensiveness it is not feasible to present it here in its 

whole extend, but just with help of its layout (Fig. 3) and 

description of the main submodels. For more details about 

its creation and function [1] [2] [3] can be read. 

2.2.1. Electrical part 

The electrical part respects the control scheme layout as 

in Fig. 4. The structure controls parameters of the model 

of the asynchronous traction motor based on the required 

input – required torque M*. 

 
Fig. 4 Scheme of vector control [4] 

2.2.2. Mechanical part 

The arrangement of the mechanical part – the torsion sys-

tem of the fully-suspended drive – is based on the scheme 

in Fig. 3. Modelling of this submodel is based on the idea 

of a block, which consists of a rotation mass, torsion stiff-

ness and torsion damping element, see Fig. 6. From the 

mathematical point of view this kind of a block is de-

scribed by the equation (4). 

 
Fig. 5 Complex model layout 

 
Fig. 6 Scheme for modelling of rotation mass, torsion stiffness 

and torsion damping [5] 
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𝐽𝜔̇2(𝑡) = 𝑀1(𝑡) − 𝑀2(𝑡) = 𝑏𝑡(𝜑̇1(𝑡) − 𝜑̇2(𝑡)) −

𝑘𝑡(𝜑1(𝑡) − 𝜑2(𝑡)) − 𝑀2(𝑡)     (4) 

 
2.2.3. Wheel-rail contact 

The interaction in the wheel-rail contact is based on the 

principle of the phenomenon of adhesion. In this case the 

adhesion is represented by the Popovici’s definition (Fig. 

7). The coefficient μ is defined as a function of a wheel 

slip s. Popovici defines its own formula (5). The wheel 

slip s represents the difference between a real longitudinal 

speed of a vehicle and a speed, which correspond to an 

angle speed of wheels. For purposes of this simulation 

model only longitudinal slip sx (6) is calculated. It means 

that the lateral slip sy and a wheel spin due to sinus-move-

ment of a wheel-set are neglected. 

 

Fig. 7 Popovici's adhesion characteristics [6] 

𝜇 = 𝜇𝑀𝐴𝑋𝑒
(𝑙𝑛(𝑠𝑥)−𝑏)2

𝑐     (5) 

𝑠𝑥 =
𝑟𝑘𝜔𝑘−𝑣𝑥

𝑣
     (6) 

When the slip sx and the coefficient of adhesion μx is 

known as well as the wheel force Q, the tangential force 

in the wheel-rail contact T1 (Fig. 8), which accelerates the 

vehicle in the longitudinal direction, can be calculated ac-

cording to the formula (7).  

𝑇1 = 𝑄𝜇      (7) 

 
Fig. 8 Wheel-rail contact forces [7] 

2.2.4. Train drive dynamics 

This submodel solves group of analytical formulas. 

The calculations lead to determination of the speed of the 

simulated train drive. The calculations are based on the 

balance between accelerating forces and resistance forces. 

In the first group of calculations the initial traction torque 

MW,0 is calculated. This torque ensures the balance with 

initial vehicle resistances and is a part of the required 

value of torque M*. The second group of calculations 

leads to the calculation of the train model speed (8), which 

consists of the defined initial speed and speed integrated 

from the acceleration of the modelled train. 

𝑣 = 𝑣0 + ∫ 𝑎 𝑑𝑡
𝑡

0
     (8) 

3. Simulations and results 

3.1. Basic characteristics of the torsion system 

For the supposed torsion system (Fig. 3) seven natural fre-

quencies of torsion oscillations were calculated, see Table 

1. The first one 0Hz represent own free rotation of the tor-

sion system. 

Table 1 Overview of natural frequencies 

Natural frequencies of torsion system [Hz] 

1. 2. 3. 4. 5. 6. 7. 

0 6 57 337 572 857 2403 

 
Fig. 9 First natural mode of torsion oscillations 

 
Fig. 10 Second natural mode of torsion oscillations 

 
Fig. 11 Third natural mode of torsion oscillations 
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Fig. 12 Fourth natural mode of torsion oscillations 

 
Fig. 13 Fifth natural mode of torsion oscillations 

 
Fig. 14 Sixth natural mode of torsion oscillation 

 
Fig. 15 Seventh natural mode of torsion oscillations 

For those seven natural frequencies of torsion oscillations 

there are corresponding natural modes of torsion oscilla-

tions - Fig. 9 to Fig. 15. For purposes of subsequent re-

search, a description of natural modes of torsion oscilla-

tions was put together - Table 2. 

Table 2 Description of natural modes 

Order of 

natural 

modes 

Respective 

natural fre-

quency 

[Hz] 

Dominant 

oscillations 

of a mass 

Less signif-

icant oscil-

lations 

1. 0 Own free 

rotation 
- 

2. 6 Wheel-set 

towards 

hollow shaft 

- 

3. 57 Wheels of 

wheel-set 
- 

4. 337 Wheel-set 

towards 

hollow shaft 

Pinion to-

wards rotor 

5. 572 Pinion to-

wards rotor 
- 

6. 857 

Hollow 

shaft joints 

Wheel-set 

towards 

hollow 

shaft  

Gear wheel 

towards 

hollow 

shaft 

7. 2403 Pinion to-

wards rotor  

Pinion to-

wards gear 

wheel 

- 

3.2. Analysis of electromagnetic torque and res-
onance excitation 

The main goal of the first simulation with the complex 

model was to gain information about the representation of 

harmonic components in the electromagnetic torque of the 

model of the asynchronous motor. Fig. 16 represents the 

course of the electromagnetic torque, which acts on the 

rotor during this kind of a basic simulation. Within this 

simulation the train accelerated up to maximal torque to 

reach speed app. 50 km/h and then the torque was reduced 

to keep the train on this speed. For the steady state the FFT 

analysis (Fast Fourier Transformation) of the electromag-

netic torque was performed. 

 
Fig. 16 Course of electromagnetic torque of model of asynchro-

nous motor 

 
Fig. 17 Graphical presentation of FFT analysis 

FFT analysis (Fig. 17) revealed the presence of many har-

monic components. These harmonic components have its 

origin in switching of semiconductors in the model of an 
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inverter and causing a ripple of motor currents and subse-

quently a ripple of the electromagnetic torque. 

Table 3 Overview and description of apparent frequencies of 

electromagnetic torque 

Apparent 

frequency 

[Hz] 

Magnitude of ap-

parent frequency 

towards magni-

tude of DC/nomi-

nal component of 

signal [%] 

Phenomenon de-

scription 

138 

104 3th multiple of f1 

(1st harmonic of 

supply voltage) 

800 and its 

multiples 

55 až 10 Even and odd mul-

tiples of switching 

frequency fPWM 

+/-138 

8 až 0 Sidebands of all 

multiples of 

switching fre-

quency 

The knowledge of natural frequencies and frequencies of 

harmonic components of the electromagnetic torque, 

which are supposed to excite torsion oscillations, enables 

to create the Campbell diagram (Fig. 18). This diagram 

reveals five potential areas, where resonance of torsion 

oscillations can occur. These are areas where a natural fre-

quency meets a frequency of a harmonic component of the 

electromagnetic torque. Based on this knowledge other 

simulations were carried out. These simulations were fo-

cused on the excitation of supposed resonances. There-

fore, the train was accelerated within the speed range, 

where the potential resonances are identified by the 

Campbell diagram. The acceleration was realized by max-

imal electromagnetic torque, see Fig. 19. 

 
Fig. 18 Campbell diagram 

The Fig. 19 shows that the ripple of the torque increase 

with speed. This effect is given by the fact that the modu-

lation of the supply voltage is getting worse as a function 

of rotation speed. Fig. 20 presents that there was excited 

enormous resonance state. The FFT analysis (Fig. 21) re-

vealed a frequency component with the frequency of 

573Hz and magnitude of almost 90% of the nominal value 

of the torque. The resonance was detected in 26,9 seconds. 

At that time the rotation speed of the rotor was 154 rad. s-

1 or 24,5 Hz.  

 

Fig. 19 Course of electromagnetic torque of model of asynchro-

nous motor 

 
Fig. 20 Course of pinion acceleration torque 

 
Fig. 21 Graphical presentation of FFT analysis 

The respective frequency of the first harmonic of the sup-

ply voltage f1 was 76Hz. If the third multiple of f1 = 228Hz 

is subtracted from the first multiple of switching fre-

quency fPWM = 800Hz the result is 572Hz. According to 

Table 3 it can be deduced that 572Hz corresponds to a fre-

quency sideband and it is the resonance state III according 

to the Campbell diagram. So, there is a clear concurrence. 

On the other hand, there is also a potential of the reso-

nance state named V in the Campbell diagram. This one 

is not clear resonance in fact, as the natural frequency is 

2403Hz and the third multiple of switching frequency is 

2400Hz. But they are very close within the whole speed 

range, so it was supposed this one should arise. It did not 

happen. Because the resonances named I, II and IV are not 

linked to the oscillations of pinion there will be put no in-

terest on them in the following text. To explain the lack of 

clarity from resonance state V other simulations were 

needed. Next step was to get the information how magni-

tudes of the relevant harmonic components are dependent 

on the rotation speed. Results of these simulations (Fig. 
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22) shows strong dependence. Based on this it was sup-

posed, that harmonics of low frequencies have no suffi-

cient magnitude or potential to excite a resonance, but the 

resonance V should appear according to these results. 

 
Fig. 22 Magnitude of harmonic component as a function of ro-

tation speed 

 
To see if there is a dependence of magnitude of excited 

oscillations with frequencies of fifth and seventh natural 

frequency a sensitivity analysis was carried out. This sen-

sitivity test is based on tuning of values of fifth and sev-

enth natural frequency due to change of the torsion stiff-

ness of the rotor shaft, which connects the rotation mass 

of the rotor with the rotation mass of the pinion. This tor-

sion stiffness is named kR in the Fig. 3. The sequence of 

values of these stiffnesses is presented in Table 4 below 

as well as respective values of natural frequencies. The 

basic value, used in previous simulations, is marked kR0. 

The others are defined as ratio in (%). 

 
Table 4 Applied set of rotor torsion stiffnesses 

Order 

marking 

Ration between 

particular tor-

sion stiffness 

and the basic 

one – kRX /kR0 

[%] 

Natural frequency 

[Hz] 

  5. 7. 

kR1 80 540 2355 

kR2 90 556 2378 

kR0 100 572 2403 

kR3 110 589 2428 

kR4 120  603 2452 

kR5 130 617 2477 

kR6 140 630 2501 

kR7 150 642 2525 

kR8 160 653 2548 

kR9 170 665 2573 

kR10 180 675 2597 

kR11 190 685 2621 

kR12 200 694 2646 

kR13 210 702 2668 

In Fig. 23 it can be seen, that the natural frequencies have 

a linear dependence on the tuning of the torsion stiffness 

of the rotor. Results of this batch of simulations are pre-

sented in Fig. 24 and Fig. 25. 

 
Fig. 23 Natural frequencies as a function of rotor torsion stiff-

ness 

Specifically, the Fig. 24 revealed that there is clear linear 

dependency of the magnitude of harmonic component in 

the resonance state of the fifth natural frequency. The 

magnitude varies from app. 90% for lower stiffness 

(lower natural frequency) to app. 10% for higher stiffness 

(higher frequency). This corresponds the Campbell dia-

gram (Fig. 18) as well as with the Fig. 22. It means shift-

ing of the fifth natural frequency to higher values shifts 

the resonance state III to lower speed where is lower po-

tential of harmonic component of the electromagnetic 

torque to excite a strong resonance and vice versa. 

 
Fig. 24 Magnitude of resonance oscillation as a function of kR 

In case of the seventh natural frequency the study of the 

magnitude as a function of the torsion stiffness kR (Fig. 

25) shows that the resonance was not excited in no case. 

The figure presents kind of a linear dependence, but the 

magnitude varies within a range of few percent. In com-

parison with the situation for the resonance state of the 

fifth natural frequency this can be considered as constant 

dependency and it is clear there is no resonance for the 

seventh natural frequency, just kind of a forced torsion os-

cillations. 
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Fig. 25 Magnitude of oscillation as a function of kR 

4. Conclusion 

The presented simulations in the complex simulation 

model shows that there is a big potential of excitation of 

danger resonance states for the torque, which loads the pi-

non of the gearbox in the fully-suspended drive of a loco-

motive. Magnitudes of these resonance oscillations can 

reach high tens of percent. There is also still an open ques-

tion regarding the excitation of the torsion oscillations of 

the pinion loading torque for high natural frequencies. It 

seems according to the Fig. 22, that the frequency side-

band of the third multiple of the switching frequency fPWM 

has an equivalent potential to excite a resonance oscilla-

tions V on the seventh natural frequency in higher rotation 

speeds as it is for the resonance state III. This investiga-

tion will be the next step to try to find a sensitivity of the 

resonance excitation on the natural frequency of the tor-

sion system. Regarding the basic calculation model that 

will be also updated with respect to the influence of the 

wheel-rail contact. In these days the torsion system in this 

calculation model is supposed to be a “free” system with-

out this interaction. But the connection between wheels 

and rails shall be implemented via elements of springs and 

dampers. As the damping in the contact is a function of a 

velocity there shall be studied its impact on frequency re-

tuning of the torsion system. 
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List of symbols 

a  acceleration (m.s-2) 

b  Popovici’s fit parameter (-) 

bt  torsion damping (Nms.rad-1) 

c  Popovici’s fit parameter (-) 

f  frequency (Hz) 

fPWM  PWM frequency (Hz) 

f1  1st harmonic frequency (Hz) 

J  mass of inertia (kgm-2) 

[J]  matrix of masses of inertia (kgm-2) 

kR  torsion stiffness of a rotor (Nm.rad-1) 

kt  torsion stiffness generally (Nm.rad-1) 

[k]  matrix of torsion stiffnesses (Nm.rad-1) 

M1  input torque (Nm) 

M2  output torque (Nm) 

[M]  matrix of external torques (Nm) 

MW,0  initial wheel-set torque (Nm) 

Q  vertical wheel force (N) 

rk  wheel radius (mm) 

s  wheel slip (-) 

sx  wheel slip in longitudinal direction (-) 

sy  wheel slip in lateral direction (-) 

t  time (s) 

T1  tangential longitudinal force (N)  

v  velocity (m.s-1) 

v0  initial velocity (m.s-1) 

λ  eigenvalue (-) 

Ω  natural angle frequency (rad.s-1) 

ωk  wheel angular speed (rad.s-1) 

𝜔̇  time derivative of angular speed (rad.s-2)  

φ1  input angle rotation (rad) 

φ2  output angle rotation (rad) 

[φ]  matrix of angle rotations (rad) 

𝜑̇1  time derivative of input angle rotation (rad.s-1) 

𝜑̇2  time derivative of output angle rotation (rad.s-1) 
[𝜑̈]  matrix of second time derivative of angle rota-

 tions (rad) 

μ  coefficient of adhesion (-) 

μMAX  max. value of coefficient of adhesion (-) 

μx  adhesion coefficient in longitudinal direction (-) 
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