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Abstract

Robust and well tested 3D panel method for potential �ow solution was coupled to a two-equation integral 2D boundary
layer model. The result is a sophisticated tool for solving the problem of both steady and unsteady viscous �ow around
streamlined lifting bodies such as wings or blades of turbomachines in external �ow. The key aspect of the model is
a quasi-simultaneous computation using interaction coe�cients that allow solution of boundary layer with transition
and other regions of strong interaction. The advantages and shortcomings of the new model are discussed based on the
comparison with CFD results and the results of an advanced lifting line model. An elliptic wing with NACA4415 airfoil
was chosen as a test case for comparison. Drag evaluation in the Tre�tz plane was used as an alternative method for
drag calculation in order to minimize force over surface integration error.
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1. Introduction
The use of �nite volume methods for wide range of
problems in �uid dynamics becomes more and more
popular at the expense of other methods that were
popular in the past. While the current commercial
CFD packages give a meaningful and precise-enough
answer for most type of �ow problems, in some ar-
eas the versatility of the codes can actually lead to a
less precise results compared to problem-speci�c nu-
merical models. An example of such problem-speci�c
analysis tool is the model described in this article,
which is designed for �ow around streamlined lifting
bodies.

The presented numerical model was created as
part of the project which aims to develop a new com-
putational tool for contra-rotating propellers analy-
sis. The model consist of a 3D panel method coupled
to a 2D boundary layer solver. To establish the pre-
cision and reliability of the code, a simple validation
problem of an external �ow past a �nite wing was
proposed.

The 3D panel method was described previously
by the author in [1] and the boundary layer model
was described in [2]. A force-free wake is being shed
from the trailing edge of the lifting body. Although
the shape of the wake is not crucial for the case of
�nite wing, a robust wake model also used in contra-
rotating propeller study [3] is attached to the �nite
wing. This paper presents a brief summary of the
theory behind 3D panel method and boundary layer
model but focuses mainly on the coupling of the meth-
ods together and on the veri�cation process.

2. 3D panel method
Velocity formulation of panel method (also known as
direct formulation, or Hess-type panel method) was
used. Panel method solves the Laplace's elliptic par-
tial di�erential equation:

∇2Φ = ∆Φ =
∂2Φ

∂x2
+
∂2Φ

∂y2
+
∂2Φ

∂z2
= 0 (1)

Well known simple solutions of this equation exist,
such as uniform �ow, free vortex, source and doublet
(dipole). By any superposition of these individual so-
lutions, the Laplace's equation is satis�ed automati-
cally. What remains to be done is to ensure proper
boundary condition de�nition and spatial distribu-
tion of elementary solutions before the computation
can begin.

The boundary condition in case of velocity for-
mulation is prescribed as zero �ow through the body
surface:

~n · ~c = 0 (2)

The surface of the body is discretized using
quadrilateral panels of two types - constant source
distribution panels and vortex ring panels. The
boundary condition is evaluated in the midpoint of
each panel (except wake panels). In theory, using only
vortex ring panels type should be su�cient, however
as found by trial and error, using both types of pan-
els improves the solution considerably. The source
strength σ is computed from the free stream velocity
according to Ashby [4]:

σ = −~n · ~c∞ (3)

Formulas for induced velocity of source panels
were derived by Hess [5]. Vortex ring panel consist-
ing of four vortex �laments positioned at the edge of
the panel is equivalent to a constant doublet panel.
An advantage of using vortex ring panels instead of
doublet panels is easier implementation and the fact
that the panels can be twisted. Formulas for induced
velocity of a vortex ring panel and the proof of equiv-
alency to constant doublet distribution panel can be
found in [6].
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Fig. 1. Structured surface mesh of a wing

The method uses structured mesh, which suits
well for most cases such as wings and blades (see
Fig. 1). There are M panel �columns� in spanwise
direction and N panel rows in streamwise direction.
Last two panel rows have special properties. Row
N − 1 is a dummy panel row, with zero induced ve-
locities. Its only purpose is to allow a small trailing
edge gap, which is often the case with many airfoil
families. Panel row with index N is already outside of
the body and serves as the �rst wake row. It doesn't
have source component and the circulation of the vor-
tex rings is set according to Kutta condition. The
mesh data for each cell, such as midpoint and corner
point coordinates, are stored in 2D matrix structures.
This way the information about the neighboring cells
necessary for surface gradient calculations are readily
available from the data structure.

2.1. Steady calculation with frozen wake

There are two possible ways of using the 3D panel
method. Either as a steady solver with frozen wake
or an unsteady solver with force free wake. In case of
frozen wake approach, the �rst row of wake panels is
extended a signi�cant distance behind the wing and
no additional wake panels are added. The work�ow
of the solver is depicted in Fig. 2. No iteration is
necessary.

Fig. 2. General iteration scheme of the unsteady solver
for body under arbitrary rotation and translation

When the system of equations is solved and all the
unknown circulations are found, the last step remain-
ing is to calculate the surface gradient of circulation:

~c∇Γ =
∇Γ

2
(4)

The resulting velocity at collocation points is cal-
culated as a superposition of free stream velocity, ve-
locity induced by source panels, by vortex rings and
the surface gradient of circulation:

~c = ~c∞ + ~cσ + ~cΓ + ~c∇Γ (5)

The �rst three components of the velocity already
ful�ll the boundary condition, the last member, gra-
dient of circulation, only corrects the tangential ve-
locity on the surface. No such correction is necessary
in su�cient (at least one panel length) distance from
the body and the �rst three components are used for
o�-body velocity calculation.

2.2. Unsteady solver with force free wake

Unsteady solver for K lifting bodies with force free
wakes is an extension of the steady solver. The �rst
wake panel row just behind the trailing edge is still
frozen, but it is made very short. It is joined by the
force free wake model, which is governed by a separate
set of scripts. This way it is made �portable�. The
same wake model can be attached to the 3D panel
body or to a simple lifting line model. The time step-
ping iteration scheme of the solver is shown in Fig.
3

For the purpose of the veri�cation on the case of a
�nite wing, unsteady solver was chosen to verify that
it produces reliable results with the force free wake.
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Fig. 3. Iteration scheme of the unsteady solver for body under arbitrary rotation and translation

3. 2D boundary layer model

The two equation integral boundary layer model used
for this paper is described in detail in [2]. It is based
mainly on the work of Drela [7],[8]. The �rst govern-
ing equation is the integral momentum equation:

dθ

dξ
+ (2 +H)

θ

ue

due
dξ

=
Cf
2

(6)

The second governing equation of the boundary
layer model is the kinetic energy shape parameter
equation:

θ
dH∗

dξ
+H∗(1−H)

θ

ue

due
dξ

= 2CD −H∗
Cf
2

(7)

The primary variables were chosen H and θ un-
like the Drela's model where the primary variables
are θ and δ∗. The edge velocity ue depends on the
the boundary layer displacement thickness and invis-
cid solution and is treated as a variable (see next
section, coupling of the boundary layer). The re-
maining parameters of the boundary layer equation
H∗ = H∗(H, θ), Cf = Cf (H, θ) and CD = CD(H, θ)
are de�ned by closure equations, which can be found
in [7]. An auxiliary equation is solved together with
the governing equations, which is di�erent for turbu-
lent and for laminar regions. In laminar region, it
is the formula for perturbation ampli�cation ratio eñ

leading to transition onset. It is based on the Orr-
Sommerfeld equation, and is used in the following
form:

dñ

dξ
=

dñ

dReθ

m+ 1

2
l
1

θ
(8)

Where:

dñ

dReθ
=√

[2.4H − 3.7 + 2.5tanh(1.5H − 4.65)]2 + 0.25

100
(9)

l =
6.54H − 14.07

H2
(10)

m =

(
0.058

(H − 4)2

H − 1
− 0.068

)
1

l
(11)

When ñ reaches a prede�ned critical value ñcrit
the solver switches to turbulent closure equations.

The auxiliary equation in turbulent region is that
for shear stress coe�cient. Green et al. [9] proposed a
lag-entrainment method which estimates shear stress
coe�cient based on its equilibrium value:

θ(3.15 +H + 1.72
H−1 )

Cθ

dCτ
dξ

= 4.2(C0.5
τEQ − C0.5

τ ) (12)

Where:

CτEQ = H∗
0.015(H − 1)3

(1− Us)H3
(13)

Us =
H∗

2

(
1− 4

3

H − 1

H

)
(14)
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3.1. Drag evaluation based on boundary layer
properties

The far �eld viscous drag can be computed from the
developed momentum thickness of the wake θ∞ far
downstream of the wing [10]:

Dvisc = %θ∞c
2
∞ (15)

To avoid computing wake layer, Squire-Young for-
mula is used, which extrapolates the behavior far
downstream based on the state of boundary layer just
behind the trailing edge.

Dvisc = %θT.E.

(
cT.E.
c∞

)0.5(5+HT.E.)

c2∞ (16)

Where cT.E. is the inviscid velocity just behind the
trailing edge (the edge velocity at trailing edge will
be used) and HT.E. is the shape factor at the trailing
edge. The total viscous drag is calculated as the sum
of upper and lower boundary layer contributions.

4. Coupling of the boundary layer

Interaction between viscous boundary layer and invis-
cid panel method solution is the key element of the
presented numerical method. The current form of in-
teraction is based on the previous work regarding 2D
�ow past airfoils [2].

4.1. 2D case of interaction

In the aerodynamic tool XFOIL, the equations of
boundary layer are solved together with the equa-
tions of inviscid 2D panel method. This way, the
interaction between edge velocity ue and displace-
ment thickness δ∗ is solved simultaneously. This ap-
proach brings di�culties in implementation of the
solver, such as the necessity to solve the boundary
layer on the same mesh as the inviscid solver. More-
over, implementation of such simultaneous solution
for 3D panel method is not practical.

Current implementation is similar to the quasi-
simultaneous interaction described by Veldman [11],
however uses a di�erent, newly developed interac-
tion coe�cient. During the downstream pass of the
boundary layer solver, at every station the response of
edge velocity to displacement thickness change must
be known:

ue i,NEW = ue i,OLD + diic∞(δ∗i,NEW − δ∗i,OLD) (17)

A local linear interaction coe�cient dii is calcu-
lated based on the inviscid solution:

dii =
2ue i,inv

c∞(ξi − ξi−1)
(18)

For more precise solution, several passes of the
boundary layer with inviscid calculation in between
can be performed. The implementation of the inter-
action coe�cient has two bene�ts - the interaction
prevents divergence of the solution in the regions of
strong interaction, such as transition region, region of
laminar bubbles and �ow near trailing edge.

4.2. 3D case of interaction

First step of the boundary layer coupling algorithm is
to calculate streamlines on the surface of the wing in
inviscid �ow. Arbitrary number of streamline emit-
ting points can be speci�ed at the stagnation line near
the leading edge. Equal number of streamlines are
calculated on the top and on the bottom surface. The
inviscid surface velocity ue and downstream coordi-
nate ξ is then interpolated to obtain a higher number
of stations. For a relatively quick and precise calcu-
lation using 3D panel method, about 30 streamwise
panels are necessary to discretize the top and bottom
of the airfoil. On the other hand, about 100 stations
is required for each side of the airfoil for boundary
layer calculation. Without the interpolation, the 3D
panel method would have to use a prohibitive num-
ber of panels, since the computational time increases
with the second power of the number of panels.

The input for the boundary layer calculator for
each streamline are: the streamline coordinates, in-
viscid edge velocity, local interaction coe�cient, den-
sity and kinematic viscosity of the �uid. The out-
put of the BL solver is the skin friction coe�cient
and displacement thickness distributions along each
streamline together with viscous drag estimation us-
ing the Squire-Young formula. The resulting param-
eters known only along each streamline are then ex-
trapolated to the whole surface of the wing.

In the next step, the surface of the wing is dis-
placed in the normal direction by the amount spec-
i�ed by extrapolated displacement thickness. After
that the second calculation of inviscid �ow past the
modi�ed body is carried out. This way the in�uence
of inviscid �ow on the boundary layer is captured by
the local interaction coe�cient, while the in�uence of
boundary layer on the inviscid �ow is captured by this
second inviscid �ow calculation using body enlarged
by displacement thickness.

Fig. 4. Streamlines on the top (red) and bottom (blue)
surface.

Important mechanism of separation is trailing
edge separation, where the separation point moves
forward with increasing angle of attack. The rapid
growth of separated boundary layer behind the sep-
aration point causes lift reduction to the point of
maximum lift. Without correct modeling of this phe-
nomenon, lift near stall cannot be predicted realisti-
cally.
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Fig. 5. Trailing edge boundary layer separation

5. Verification case of a finite wing

The comparison across numerical methods is per-
formed using an elliptic �nite wing as a model ex-
ample (see Fig. 6). The wing is not twisted and uses
NACA 4415 airfoil along the entire span. The root
chord dimension is 1.25m and wingspan 5m, which
provides relatively low aspect ratio of 5.11 and mean
aerodynamic chord 0.98 m. Resulting Reynolds num-
ber Re = 6 · 105 is in the lower region of range of
interest of small aircraft propellers.

Fig. 6. Surface mesh of the wing

6. CFD calculation

To reduce computational time, only half of the wing
is modeled with symmetry boundary condition. The
computational domain is shown in Fig. 7. Velocity
inlet and pressure outlet boundary condition are ac-
companied by standard no-slip condition on the sur-
face of the wing.

Fig. 7. Overview of the domain with boundary conditions
marked by di�erent colors

The volume mesh is a structured hexahedral mesh
programmed and parametrized in MATLAB and ex-
ported directly to �uent .msh format using custom
scripting. The wing is wrapped by a user speci�ed
number of in�ation layers to allow di�erent turbu-
lence models. Two meshes were created, coarse mesh
for k − ε turbulence model with 0.5 million cells,
y+ ≈ 30, and �ne mesh for k − ωSST turbulence
model with 2.2 million cells and y+ ≈ 3. Side view
of the coarse mesh is shown in �gure 8. Detail of the
coarse mesh is shown in �gure 9.
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Fig. 8. Side view of the coarse mesh
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Fig. 9. Detail of the coarse mesh near surface of the wing
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Three di�erent turbulence models, k−ε, k−ωSST
and Transition k − ωSST were tested, last of which
was considered to be the most appropriate for the
relatively low Reynolds case with extensive laminar
layer region. The remaining two models compute the
whole boundary layer as turbulent. Inlet turbulence
intensity and viscosity ratio were both set to the value
0.2.

6.1. Drag and lift evaluation

In case of CFD, lift is obtained by simple surface force
integration. Drag, on the other hand, is known to be
evaluated poorly from the surface integration, and
wake inspecting methods usually produce more pre-
cise results.

Induced drag, as a byproduct of lift, can be calcu-
lated from the change of kinetic energy between front
face of an imaginary bounding box aligned with the
�ow and its rear face (Tre�tz plane) [6]:

Di = −%
2

∫ ∫
(c2y + c2z)dydz (19)

The remaining components of drag connected to
viscosity (friction drag and pressure drag) can be ex-
pressed by a single viscous drag formula for incom-
pressible �ow [12]:

Dvisc =

∫ ∫
∆p0dydz (20)

Tre�tz plane is positioned 5 mean aerodynamic
chord lengths behind the wing in the CFD domain
and oriented perpendicular to the inlet �ow. The
process of changing angle of attack, placing Tre�tz
plane and evaluating custom �eld functions is auto-
mated using journal script for FLUENT written by
MATLAB.

7. Lifting line calculation

Lifting line calculation is based on the wing and wake
representation by horseshoe vortices. Bound vortices
are placed on the 1/4 chord length. Although not
necessary, force-free wake is used instead of a simpler
frozen wake model.

Before the calculation, NACA4415 polars are cal-
culated for a whole range of Reynolds numbers and
su�cient angle of attack range. Although the wing
operates at overall Reynolds number 600 000, the
Reynolds number at root section is slightly higher,
and at tip section considerably lower. During itera-
tion, the induced velocity together with free stream
velocity produce e�ective angle of attack for each
span section. Resulting local lift coe�cient is then
used for determining the local circulation of the
bound vortex. Around 20 iterations are su�cient for
convergence.

Evaluation of lift and drag is performed simply as
the sum of contributions from each span station. It
is important to rotate the local lift and drag vectors
by the induced downwash angle, in order to obtain
correct induced drag values.
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Fig. 10. Topology of a simple lifting line model connected
to a force free wake

8. Results

Drag polar (cl vs. cd), lift coe�cient vs. angle of at-
tack (cl vs. α) and cd vs. α were analyzed to evaluate
the performance of the computational models. Only
one of the FLUENT's turbulence models was selected
for comparison.

8.1. 3D panel method results

The 3D panel method with boundary layer uses in
this example a surface mesh containing 60× 30 pan-
els for inviscid solution and total of 60 streamlines for
boundary layer computation. Each streamline was
discretized by 120 stations. The results are shown in
the comparison section.

8.2. Cfd simulation results

All three turbulence models produced very similar po-
lar curves (Fig. 11,12,13) between angles of attack
α = −10◦ and α = 15◦. Transition SST model pro-
vides in this region more optimistic values of both lift
and drag, due to laminar region of boundary layer,
however the di�erence is barely noticeable. What is
more noticeable is the discrepancy between total drag
calculated by force integration and by Tre�tz plane
evaluation. Force integration is known to introduce
high error to drag values, whereas Tre�tz plane anal-
ysis in this case produces very low drag values. This
could be linked to numerical dissipation error, since
the Tre�tz plane method relies on the correct model-
ing of dissipation in wake region.
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Fig. 11. CFD: Coe�cient of lift of the wing vs. angle of
attack
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Fig. 12. CFD: Coe�cient of total drag and induced drag
of the wing vs. angle of attack
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Fig. 13. CFD: Total drag polar, induced drag polar

For angles of attack higher than α = 15◦ or lower
than α = −10◦ the turbulence models di�er due to

di�erent prediction of separation. Because k−ωSST
turbulence models are known to handle well regions
with adverse pressure gradients, and because the case
being analyzed has a considerable length of laminar
boundary layer, Transition SST model was chosen for
comparison with other computational models.

8.3. Lifting line method results

The solution using lifting line is very e�ective and
straight-forward. The only problematic part is the
last few percent of the wing span which have very
small chord and low Reynolds numbers due to ellip-
tic shape. The Reynolds number was limited by 100
000 from below, to overcome di�culties with calculat-
ing very low Reynolds number 2D airfoil polars. The
results are presented below in the comparison section.

8.4. Comparison

The comparison of lift coe�cient vs. α is in Fig.
14. As can be seen, the 3D panel method follows
the results of lifting line model up to α = 8◦, where
it changes abruptly slope and approaches the CFD
solution. For negative angles of attack, CFD model
predicts stall at α ≈ −10◦ while both li�tng line
model and 3D panel method results suggest attached
�ow.

Drag vs. angle of attack comparison in �g. 15
shows weaker agreement of the methods as could be
anticipated. If the drag from force intergration of
CFD results is disregarded, the results of the panel
method fall between the drag computed by CFD Tre-
ftz plane analysis and the lifting line results. The
drag polar combining the drag and lift coe�cients is
presented in Fig. 16.
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Fig. 14. Coe�cient of lift of the wing vs. angle of attack
(Note: CFD = Transition SST model)
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Fig. 15. Coe�cient of total drag and induced drag of the
wing vs. angle of attack (Note: CFD = Transition SST
model)
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Fig. 16. CFD: Total drag polar, induced drag polar

9. Strenghts and weaknesses of the
computational models

Based on the present and past experience with the
three computational models, their performance is
summarized in table 1. Di�erent aspects of the mod-
els can be improved, for example accurate drag pre-
diction using commercial �nite volume CFD meth-
ods is possible, however it requires careful and precise
mesh, turbulence model and domain �ne-tuning.

Table 1. Properties of computational models

Model 3D panel

method

with BL

CFD,

Transi-

tion

SST

Lifting

line

Polar
generation

time

≈ 10 min. ≈ 12 hr. ≈ 30 sec.

Lift
prediction

good good good

Drag
prediction

aceptable poor good

Moment
prediction

good good not
possible

Induced
drag

prediction

good good good

Transition
modeling

implemented imple-
mented

2D polar
dependent

Separation
prediction

not reliable good acceptable

Complex
geometry
analysis

(mostly)
suitable

suitable not
suitable

Optimiza-
tion

usability

very useful limited
(time

consuming)

Perfect for
simple
wings

The advantages and disadvantages of the CFD
solver and lifting line model are generally known. The
presented 3D panel method with boundary layer cou-
pling is an intermediate method regarding both its
abilities and the need for computational resources.
The method recognizes conditions of separation and
simulates thick separated layers, however the polar
curves show some inconsistent behavior in the regions
of cl,max.

9.1. Possible applications of the 3D panel
method with boundary layer

The presented method was developed for strongly un-
steady �ow in contra-rotating propellers. Unlike in
�nite volume methods, where the domain required
for computation of contra-rotating propellers is very
complex, the presented model is capable of unsteady
calculation without any additional modi�cation. In
fact, the results presented in this paper are calcu-
lated using unsteady sudden motion of the wing, with
starting vortex in a su�cient distance from the wing.
To obtain the solution for oscillating or rotating wing
(blade), only the function prescribing rotation angle
with time needs to be added. As an example, the top
view of an oscillating wing with signi�cant side slip
angle is shown in Fig. 17.
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Fig. 17. Wake behind oscillating and side slipping wing

10. Conclusions

A 3D panel method coupled with boundary layer
solver for incompressible low Reynolds number �ow
was brie�y presented together with the underlying
theory. The accuracy of the method is dependent on
the coupling between viscous and inviscid model. For
the purpose of quasi-simultaneous solution, new lo-
cal linear interaction coe�cient was introduced. The
boundary layer thickness in�uences considerably the
inviscid solution from moderate to high angles of at-
tack. The method was tested on the case of an ellip-
tic wing equipped with NACA 4415 airfoil. It retains
good accuracy up to angles of attack near stall, but
the behavior of parameters beyond stall is handled
better by �nite volume solvers.

Although the primary aim of the method is to sim-
ulate rotating blades of contra-rotating propellers, its
application to other �ow problems, such as optimiza-
tion of wings or blades, is possible. One of the bene�ts
is the computational speed, which is close to the very
simple lifting line method.

The aim of future work is to improve the current
simpli�ed model of separation by modifying the be-
haviour of the boundary layer near the trailing edge.
Next step is to apply the method on the case of con-
tra rotating propellers and compare the results with
experimental data from research that is already being
conducted.
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Nomenclature

~c �ow velocity vector (m · s−1)
CD dissipation coe�cient (1)
cd drag coe�cient of wing (1)
Cf skin friction coe�cient (1)
cl lift coe�cient of wing (1)
Cτ shear stress coe�cient (1)
CτEQequilibrium shear stress coe�cient (1)
D drag force (N)
Di induced drag force (N)
Dviscviscous drag force (N)
dii interaction coe�cient (m−1)
H shape parameter (1)
H∗ kinetic energy shape p (1)
L lift force (N)
M number of spanwise panels (1)
N number of streamwise panels (1)
~n normal vector (1)
ñ TS wave ampli�cation exponent (1)
p0 Total pressure (Pa)
Re Reynolds number (1)
Reθ momentum thickness Reynolds number (1)
t time (s)
ue BL edge velocity (ms−1)
x, y, zspace coordinates (m)
y+ dimensionless wall distance (1)

α angle of attack (◦)
Γ circulation of a vortex �lament (m2s−1)
δ∗ displacement thickness (m)
θ momentum thickness (m)
ξ BL surface coordinate (m)
% density (kg ·m−3)
σ source strength density (s−1)
Φ Potential (m2s−1)
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